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Abstract
In this work I study the effect of graviton-photon mixing in a constant external magnetic field and find for the first
time in the literature exact solution of the equations of motion. In particular, I apply the effect of graviton-photon
mixing to the case of interaction of gravitational waves with an external magnetic field and calculate the intensity
Stokes parameter of the produced electromagnetic radiation. The obtained results are new and extend previous results
obtained by using approximation methods.
1 Introduction
In the recent years there have been several detections of Gravitational Waves (GWs) by LIGO and/or VIRGO from
astrophysical sources such as binary systems of black holes and neutron stars. The detection of GWs has been one of
the biggest experimental achievements of the century. The GWs detected by LIGO and/or VIRGO typically have a
frequency range from few Hz to few kHz. In addition, there are many other sources that emit GWs in other frequency
bands with equally physical importance to those detected by LIGO and/or VIRGO. In particular, there are several sources
of cosmological origin of GWs that emit in the frequency range from few GHz to 1018 Hz that include primordial black
holes, cosmic strings etc., see Refs. [1] and [2] for more details.
The primary issue with GWs in the high frequency range is that at the moment there is not any direct way such that
used by LIGO and VIRGO that could possibly detect them. The reason of such difficulty comes from the fact that at these
high frequencies one must have extremely high sensitive ordinary GW detectors to achieve the predicted strain sensitivity.
One way to pursue detection of GWs at these high frequencies is to use an indirect way such as the transformation of
GWs into electromagnetic radiation in the presence of an external electromagnetic field. This interesting effect comes as
a result of interaction of GWs with electromagnetic waves that produces electromagnetic waves out of GWs, see Ref. [3]
for details.
The transformation of GWs into electromagnetic waves, in the particular case, in the presence of an external magnetic
field, has been studied in the literature by many authors and it has been applied in many contexts, see Refs. [3]-[9].
However, one important aspect of all these studies is that the mixing and transformation of GWs into electromagnetic
radiation has never been solved exactly in a constant external magnetic field. In Refs. [4]- [6] the graviton-photon mixing
has been solved for those cases where back reaction effects and medium effects on electromagnetic radiation have not been
considered. Furthermore, in those cases when medium and back reaction effects were included, only approximate solutions
of the equations of motion were found. In these studies also some peculiar features of the propagating GW were found
due to the not use of gauge invariant methods since these studies did not make use of the TT-gauge to remove unphysical
degrees of freedom in the specific case of graviton-photon mixing. The latter case was included in the study of Ref. [7]
where quantum field theory approach was used but no medium effects on the electromagnetic radiation were included. On
the other hand, back reaction effects, correct gauge transformation and medium effects on the electromagnetic radiation
were included in Ref. [8] but the equations of motion describing the mixing of GWs with electromagnetic radiation were
solved only approximately by a WBK-like method of linearisation of the equation of motion. Also a different field theory
approach for the inverse process, namely of that of photon-graviton mixing has been studied in Ref. [10].
With the problems related to the theory of graviton-photon mixing mentioned above and with the fact that many
sources of GWs emit in the very high frequency band of the spectrum and the only known way to detect them at present
is by using the transformation of GWs into electromagnetic radiation, it is rather important to have exact solutions of
the equations of motion and find exact expression for the intensity of produced electromagnetic radiation in a laboratory
magnetic field. In this work, I address all the problems mentioned above and find for the first time in the literature
exact solution of the equations of motion of graviton-photon mixing in a constant magnetic field and derive user friendly
relations in the case when GWs are stochastic in nature. This paper is organised as follows: In Sec. 2, I formulate
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the problem of graviton-photon mixing. In Sec. 3, I find exact analytical expressions for the amplitudes of GWs and
electromagnetic waves. In Sec. 4, I derive important quantities of the produced electromagnetic radiation that can be
compared with standard quantities of GW spectrum. In Sec. 5, I conclude. In this work I use the metric with signature
ηµν = diag[1,−1,−1,−1] and work with the rationalized Lorentz-Heaviside natural units (kB = ~ = c = ε0 = µ0 = 1)
with e2 = 4piα.
2 Formulation of the problem
In order to formulate the problem that we are going to treat, let us start by expanding the metric tensor around the flat
Minkowski spacetime as gµν = ηµν + κhµν + ..., and after we get the following expression for the total effective action,
see Ref. [3]:
Seff = 1
4
∫
d4x
[
2∂µh
µν∂ρh
ρ
ν + ∂µh∂
µh− ∂µhαβ∂µhαβ − 2∂µhµν∂νh
]− 1
4
∫
d4xFµνF
µν +
κ
2
∫
d4xhµνT
µν
em
− 1
2
∫
d4x
∫
d4x′Aµ(x)Πµν(x, x′)Aν(x′) +O(κ(∂h)3) +O(κhµνΠµν), (1)
where hµν is the gravitational wave tensor with h = ηµνh
µν , κ2 ≡ 16piGN where GN is the Newton constant and Tµνem is the
electromagnetic field energy momentum tensor 1. Here we are assuming that the medium where GWs and electromagnetic
waves propagate is homogeneous where Π(x, x′) = Π(x− x′) is the photon polarization tensor in a medium. Here we do
not consider the effect that the medium has on the GWs due to their weak interaction with respect to the electromagnetic
interaction. Suppose that we have GWs propagating in vacuum and after they enter a region where only an external
magnetic field is present. Since we consider the case when we are far away from the GW source(s), we can put GWs in
the TT gauge before2 entering the magnetic field region, namely h0µ = 0, ∂
jhij = 0, h
i
i = 0. In this case the effective
action becomes
Seff = −1
4
∫
d4x∂µhij∂
µhij− 1
4
∫
d4xFµνF
µν+
κ
2
∫
d4xhij(E iEj+BiBj)− 1
2
∫
d4x
∫
d4x′Aµ(x)Πµν(x−x′)Aν(x′). (2)
The Euler-Lagrange equations of motion from the action in (2) for the propagating electromagnetic and gravitational
fields components, Aµ and hij , propagating in the external constant and uniform magnetic field, are given by
∇2A0 = 0,
Ai +
(∫
d4x′Πij(x− x′)Aj(x′)
)
+ ∂i∂µA
µ = −κ (∂jhik)F¯ jk ,
hij = −κ
(
BiB¯j + B¯iBj
)
, (3)
where we used the fact that Fµν F˜
µν = −4E·B, F˜ 0i = −Bi, the TT-gauge conditions and expanded Fµν = fµν+F¯µν where
fµν is the propagating electromagnetic tensor (which is usually a small perturbation over the external electromagnetic
field tensor) and F¯µν is the external electromagnetic field tensor. We work in the Coulomb gauge where ∂iA
i = 0 and
choose from the first equation in system (3) A0 = 0. The latter condition makes possible that the Lorentz gauge reduces
to the Coulomb gauge ∂µA
µ = ∂iA
i = 0. Next we look for solutions of the equations of motion (3) by expanding the
fields Ai(x, t) and hij(x, t) as Fourier integrals
Ai(x, t) =
∑
λ=x,y,z
∫ +∞
−∞
dω
2pi
eiλ(nˆ)Aλ(x, ω)e
−iωt, hij(x, t) =
∑
λ′=×,+
∫ +∞
−∞
dω
2pi
hλ′(x, ω)e
λ′
ij (nˆ)e
−iωt, (4)
where eiλ is the photon polarization vector, e
λ′
ij is the GW polarization tensor with λ
′ indicating the polarization index
or helicity state, and nˆ is the direction of the propagation of the GW. Without any loss of generality, consider the
case when GW propagates in a given coordinate system along the z axis, namely nˆ = zˆ. In addition, we have that
Aλ(x, ω) = A
∗
λ(x,−ω) and hλ′(x, ω) = h∗λ′(x,−ω) in order to ensure that Ai(x, t) and hij(x, t) are real functions.
1With the metric with signature ηµν = diag[1,−1,−1,−1], the expressions for the spatial components of the electromagnetic stress-energy
tensor are Tij = EiEj + BiBj − (1/2)δij(E2 + B2) where Ei = Ei + E¯i,Bi = Bi + B¯i are respectively the components of the total electric and
magnetic fields. In addition, a constant magnetic field itself is not a source of GWs since in order to generate GWs we must have spacetime
varying fields.
2Here we are imposing the gauge conditions for GWs already in the action and not after we find the equations of motion. Whether these
two approaches give the same dynamics for the graviton-photon mixing is not clearly known and this issue is an open one and beyond the
scope of this work. We expect that if other physical GW states are excited in addition to the usual GW states in vacuum, their impact on the
whole dynamics is supposed to be very small due to the small amplitude of the original incident GW.
2
Consider now a constant and uniform external magnetic field with components B¯(x, t) = [B¯x, B¯y, B¯z] and the vector
potential with components A(x, t) = [Ax(x, t), Ay(x, t), Az(x, t)]. With the GW and electromagnetic wave propagating
along the zˆ axis, hij = hij(z, t),Ai = Ai(z, t) and with the field expansion (4), the equations of motion (3) for the GW
tensor hij in terms of the GW polarization states h+ and h× are given by[
ω2 + ∂2z
]
h+(z, ω) = −κ
[
∂zAx(z, ω)B¯y + ∂zAy(z, ω)B¯x
]
,[
ω2 + ∂2z
]
h×(z, ω) = κ
[
∂zAx(z, ω)B¯x − ∂zAy(z, ω)B¯y
]
, (5)
and the equations of motion for the photon field A components in (3), are given by[
ω2 + ∂2z −Πxx(ω)
]
Ax(z, ω)−Πxy(ω)Ay(z, ω)−Πxz(ω)Az(z, ω) = κ
[
∂zh+(z, ω)B¯y − ∂zh×(z, ω)B¯x
]
,[
ω2 + ∂2z −Πyy(ω)
]
Ay(z, ω)−Πyx(ω)Ax(z, ω)−Πyz(ω)Az(z, ω) = κ
[
∂zh×(z, ω)B¯y + ∂zh+(z, ω)B¯x
]
,[
ω2δzj −Πzj(ω)
]
Aj(z, ω) = 0, (6)
where in the Coulomb gauge there is no propagating longitudinal electromagnetic wave ∂zAz(z, t) = 0 and Π
ij = Πij =
Πij(ω) are the elements of the photon polarization tensor of a homogeneous and uniform medium calculated in the local
limit x′ → x. We may note that the third equation in the system (6) is actually a constraint on Az [3]. We stress that
in deriving the equations of motions (5) and (6) we have assumed that both electromagnetic and GW fields depend only
on z and not x, y. We will discuss later about this assumption. We may also note from (5) that the polarization states
of GWs h×,+ do not mix with B¯z.
In order to solve the system of equations (5) and (6), we can reduce these systems to first order systems by defining
h+(z, ω) ≡ x1(z, ω), ∂zh+(z, ω) ≡ x2(z, ω), h×(z, ω) ≡ x3(z, ω), ∂zh×(z, ω) ≡ x4(z, ω), Ax(z, ω) ≡ x5(z, ω), ∂zAx(z, ω) ≡
x6(z, ω), Ay(z, ω) ≡ x7(z, ω), ∂zAy(z, ω) ≡ x8(z, ω). With these substitutions we get the following system of first order
partial differential equations:
∂zx1(z, ω) = x2(z, ω), ∂zx2(z, ω) = −ω2x1(z, ω)− κB¯yx6(z, ω)− κB¯xx8(z, ω), ∂zx3(z, ω) = x4(z, ω),
∂zx4(z, ω) = −ω2x3(z, ω) + κB¯xx6(z, ω)− κB¯yx8(z, ω), ∂zx5(z, ω) = x6(z, ω),
∂zx6(z, ω) =
[
Πxx(ω)− ω2
]
x5(z, ω) + Πxy(ω)x7(z, ω) + κB¯yx2(z, ω)− κB¯xx4(z, ω), ∂zx7(z, ω) = x8(z, ω),
∂zx8(z, ω) =
[
Πyy(ω)− ω2
]
x7(z, ω) + Πyx(ω)x5(z, ω) + κB¯yx4(z, ω) + κB¯xx2(z, ω). (7)
Now we define the column field X(z, ω) ≡ [x1(z, ω), x2(z, ω), x3(z, ω), x4(z, ω), x5(z, ω), x6(z, ω), x7(z, ω), x8(z, ω)]T and
the system of differential equations (7) can be written as
∂zX(z, ω) = A(ω, B¯x, B¯y)X(z, ω), (8)
where the matrix A is given by
A(ω, B¯x, B¯y) =

0 1 0 0 0 0 0 0
−ω2 0 0 0 0 −κB¯y 0 −κB¯x
0 0 0 1 0 0 0 0
0 0 −ω2 0 0 κB¯x 0 −κB¯y
0 0 0 0 0 1 0 0
0 κB¯y 0 −κB¯x Πxx(ω)− ω2 0 Πxy(ω) 0
0 0 0 0 0 0 0 1
0 κB¯x 0 κB¯y Πyx(ω) 0 Πyy(ω)− ω2 0

. (9)
The system (8) in order to be solved has to be supplied with appropriate initial conditions and/or boundary conditions
if needed.
3 Exact analytical solution of equations of motion
Equations (8) are a system of linear differential equations with constant coefficients and in principle can be solved exactly.
This is due to the fact that the matrix A is constant since it does not depend on the position z and it commutes with
itself for z′ 6= z, [A,A] = 0. Consequently the general solution of (8) is given by
X(z, ω) = exp
[∫ z
zi
dz′A(ω, B¯x, B¯y)
]
X(zi, ω), (10)
3
where X(zi, ω) is the field defined above at the initial position zi where the interaction with the magnetic field starts.
To find the exponential of the matrix A is quite difficult since it involves very tedious and long calculations3. Due to
this fact, we can simplify our calculations by assuming that the magnetic field is completely transversal with respect to
direction of propagation of GWs. This particular type of configuration can be easily achieved in a laboratory when one
is free to choose at convenience the direction of the external magnetic field. So, we choose B¯(x, t) = [B¯x, 0, 0] which also
implies that in the case when there is a medium in the presence of the magnetic field, only the diagonal elements of Πij
are different from zero since the Faraday effect is absent for traverse magnetic field, see Ref. [3] for details. In this case
we have that Πxy = 0 = Πyx and κB¯y = 0 in the matrix A in (9). Let us define for future convenience
Cx,y± ≡
√
−2ω2 − κ2B¯2x + Πxx,yy ± Bx,y, Bx,y ≡
√
κ4B¯4x + 2κ
2B¯2x(2ω
2 −Πxx,yy) + Π2xx,yy, (11)
where the labels x and y in Cx,y± ,Bx,y are respectively related to the components of Πxx and Πyy of the photon polarisation
tensor. After by taking the exponential of A in the case of transverse magnetic field along xˆ direction, we get the following
exact solution of the components of the field X(z, ω):
x1(z, ω) =
{
1
2
[
cosh
(
z Cy−√
2
)
+ cosh
(
z Cy+√
2
)]
−
(
κ2B¯2x −Πyy
2By
)[
cosh
(
z Cy−√
2
)
− cosh
(
z Cy+√
2
)]}
x1(0, ω)
− 1
2
√
2By
{
e−zC
y
−/
√
2
(
κ2B¯2x + Πyy + By
)
Cy−
− e
−zCy+/
√
2
(
κ2B¯2x + Πyy − By
)
Cy+
+
ezC
y
+/
√
2
(
κ2B¯2x + Πyy − By
)
Cy+
−e
zCy−/
√
2
(
κ2B¯2x + Πyy + By
)
Cy−
}
x2(0, ω) +
√
2κB¯x(ω
2 −Πyy)
ByCy+Cy−
{
sinh
(
z Cy+√
2
)
Cy− − sinh
(
z Cy−√
2
)
Cy+
}
x7(0, ω)
+
κB¯x
By
{
cosh
(
z Cy−√
2
)
− cosh
(
z Cy+√
2
)}
x8(0, ω),
x2(z, ω) =
ω2
2
√
2By
{
ezC
y
+/
√
2
(
κ2B¯2x + Πyy − By
)
Cy+
− e
−zCy+/
√
2
(
κ2B¯2x + Πyy − By
)
Cy+
+
e−zC
y
−/
√
2
(
κ2B¯2x + Πyy + By
)
Cy−
−e
zCy−/
√
2
(
κ2B¯2x + Πyy + By
)
Cy−
}
x1(0, ω) +
{
1
2
[
cosh
(
z Cy−√
2
)
+ cosh
(
z Cy+√
2
)]
+(
κ2B¯2x + Πyy
2By
)[
cosh
(
z Cy−√
2
)
− cosh
(
z Cy+√
2
)]}
x2(0, ω)− κB¯x(ω
2 −Πyy)
By
{
cosh
(
z Cy−√
2
)
− cosh
(
z Cy+√
2
)}
x7(0, ω)
+
κB¯x√
2By
{
sinh
(
z Cy−√
2
)
Cy− − sinh
(
z Cy+√
2
)
Cy+
}
x8(0, ω),
x3(z, ω) =
{
1
2
[
cosh
(
z Cx−√
2
)
+ cosh
(
z Cx+√
2
)]
−
(
κ2B¯2x −Πxx
2Bx
)[
cosh
(
z Cx−√
2
)
− cosh
(
z Cx+√
2
)]}
x3(0, ω) +
1
2
√
2Bx
{
e−zC
x
+/
√
2
(
κ2B¯2x + Πxx − Bx
)
Cx+
− e
zCx+/
√
2
(
κ2B¯2x + Πxx − Bx
)
Cx+
+
ezC
x
−/
√
2
(
κ2B¯2x + Πxx + Bx
)
Cx−
−e
−zCx−/
√
2
(
κ2B¯2x + Πxx + Bx
)
Cx−
}
x4(0, ω)−
√
2κB¯x(ω
2 −Πxx)
BxCx+Cx−
{
sinh
(
z Cx+√
2
)
Cx− − sinh
(
z Cx−√
2
)
Cx+
}
x5(0, ω)
+
κB¯x
Bx
{
cosh
(
z Cx+√
2
)
− cosh
(
z Cx−√
2
)}
x6(0, ω),
x4(z, ω) =
ω2
2
√
2Bx
{
ezC
x
+/
√
2
(
κ2B¯2x + Πxx − Bx
)
Cx+
− e
−zCx+/
√
2
(
κ2B¯2x + Πxx − Bx
)
Cx+
+
e−zC
x
−/
√
2
(
κ2B¯2x + Πxx + Bx
)
Cx−
−e
zCx−/
√
2
(
κ2B¯2x + Πxx + Bx
)
Cx−
}
x3(0, ω) +
3Here I assume that the reader knows how to calculate the exponential of a given matrix. In the specific case of the matrix A in (9) it is
important to note that this matrix has 8 different eigenvalues and 8 linearly independent eigenvectors and consequently it is diagonalisable.
Based on this fact, the exponential of A can be calculated by exp[A] = P exp[D]P−1 where P is an invertible matrix formed with the
eigenvectors of A and D is the diagonal form of A formed with the eigenvalues of A. The matrix A is invertible if det[A] 6= 0 which in the case
considered in this work is valid only for ω2 > Πxx,yy and ω > 0.
4
{
1
2
[
cosh
(
z Cx−√
2
)
+ cosh
(
z Cx+√
2
)]
+
(
κ2B¯2x + Πxx
2Bx
)[
cosh
(
z Cx−√
2
)
− cosh
(
z Cx+√
2
)]}
x4(0, ω)+[
κB¯x(ω
2 −Πxx)
Bx
] [
cosh
(
z Cx−√
2
)
− cosh
(
z Cx+√
2
)]
x5(z, ω) +
κB¯x
Bx
{
sinh
(
z Cx+√
2
)
Cx+ − sinh
(
z Cx−√
2
)
Cx−
}
x6(0, ω),
x5(z, ω) =
√
2ω2κB¯x
Bx
{
sinh
(
z Cx+√
2
)
/Cx+ − sinh
(
z Cx−√
2
)
/Cx−
}
x3(0, ω) +
[
κB¯x
Bx
] [
cosh
(
z Cx−√
2
)
− cosh
(
z Cx+√
2
)]
x4(z, ω)
+
{
1
2
[
cosh
(
z Cx−√
2
)
+ cosh
(
z Cx+√
2
)]
−
(
κ2B¯2x + Πxx
2Bx
)[
cosh
(
z Cx−√
2
)
− cosh
(
z Cx+√
2
)]}
x5(0, ω)
+
1
2
√
2Bx
{
e−zC
x
−/
√
2
(−κ2B¯2x + Πxx − Bx)
Cx−
+
ezC
x
−/
√
2
(
κ2B¯2x −Πxx + Bx
)
Cx−
+
e−zC
x
+/
√
2
(
κ2B¯2x −Πxx − Bx
)
Cx+
−e
zCx+/
√
2
(
κ2B¯2x −Πxx − Bx
)
Cx+
}
x6(0, ω),
x6(z, ω) =
[
ω2κB¯x
Bx
] [
cosh
(
z Cx+√
2
)
− cosh
(
z Cx−√
2
)]
x3(z, ω) +
κB¯x√
2Bx
{
sinh
(
z Cx−√
2
)
Cx− − sinh
(
z Cx+√
2
)
Cx+
}
x4(0, ω)
+
ω2 −Πxx
2
√
2Bx
{
e−zC
x
−/
√
2
(
κ2B¯2x −Πxx + Bx
)
Cx−
− e
zCx−/
√
2
(
κ2B¯2x −Πxx + Bx
)
Cx−
+
e−zC
x
+/
√
2
(−κ2B¯2x + Πxx + Bx)
Cx+
−e
zCx+/
√
2
(−κ2B¯2x + Πxx + Bx)
Cx+
}
x5(0, ω) +
{
1
2
[
cosh
(
z Cx−√
2
)
+ cosh
(
z Cx+√
2
)]
+(
κ2B¯2x −Πxx
2Bx
)[
cosh
(
z Cx−√
2
)
− cosh
(
z Cx+√
2
)]}
x6(0, ω),
x7(z, ω) =
√
2ω2κB¯x
By
{
sinh
(
z Cy−√
2
)
/Cy− − sinh
(
z Cy+√
2
)
/Cy+
}
x1(0, ω) +
[
κB¯x
By
] [
cosh
(
z Cy+√
2
)
− cosh
(
z Cy−√
2
)]
x2(z, ω)
+
{
1
2
[
cosh
(
z Cy−√
2
)
+ cosh
(
z Cy+√
2
)]
−
(
κ2B¯2x + Πyy
2By
)[
cosh
(
z Cy−√
2
)
− cosh
(
z Cy+√
2
)]}
x7(0, ω) +
1
2
√
2By
{
e−zC
y
−/
√
2
(−κ2B¯2x + Πyy − By)
Cy−
+
ezC
y
−/
√
2
(
κ2B¯2x −Πyy + By
)
Cy−
+
e−zC
y
+/
√
2
(
κ2B¯2x −Πyy − By
)
Cy+
−e
zCy+/
√
2
(
κ2B¯2x −Πyy − By
)
Cy+
}
x8(0, ω),
x8(z, ω) =
[
κω2B¯x
By
] [
cosh
(
z Cy−√
2
)
− cosh
(
z Cy+√
2
)]
x1(z, ω) +
κB¯x√
2By
{
sinh
(
z Cy+√
2
)
Cy+ − sinh
(
z Cy−√
2
)
Cy−
}
x2(0, ω) +
ω2 −Πyy
2
√
2By
{
e−zC
y
−/
√
2
(
κ2B¯2x −Πyy + By
)
Cy−
− e
zCy−/
√
2
(
κ2B¯2x −Πyy + By
)
Cy−
− e
−zCy+/
√
2
(
κ2B¯2x −Πyy − By
)
Cy+
−e
zCy+/
√
2
(
κ2B¯2x −Πyy − By
)
Cy+
}
x7(0, ω)
+
{
1
2
[
cosh
(
z Cy−√
2
)
+ cosh
(
z Cy+√
2
)]
+
(
κ2B¯2x −Πyy
2By
)[
cosh
(
z Cy−√
2
)
− cosh
(
z Cy+√
2
)]}
x8(0, ω), (12)
where for simplicity we have chosen at zi = 0 the origin of our coordinate system.
With the solutions in (12) we have all necessary quantities to find the exact solutions of the original graviton and
photon states h+,× and Ax,y. We may see from (12) that the solutions of the original fields h+,×(z, ω) = x1,3(z, ω)
are proportional to the field derivatives ∂zh+,×(0, ω) and ∂zAx,y(0, ω) as one should expect from the intial second order
system of differential equations (5) and (6). Since we are interested in the generation of electromagnetic radiation in
the laboratory, we have that Ax,y(z = 0, ω) = 0 and ∂zAx,y(z = 0, ω) = 0 which are our initial conditions. With these
considerations and by replacing h˜ij(x, t) = κhij(x, t) with h˜ij(x, t) being the dimensionless GW components, we get from
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(12)
h˜+(z, ω) =
{
1
2
[
cosh
(
z Cy−√
2
)
+ cosh
(
z Cy+√
2
)]
−
(
κ2B¯2x −Πyy
2By
)[
cosh
(
z Cy−√
2
)
− cosh
(
z Cy+√
2
)]}
h˜+(0, ω)
− 1
2
√
2By
{
e−zC
y
−/
√
2
(
κ2B¯2x + Πyy + By
)
Cy−
− e
−zCy+/
√
2
(
κ2B¯2x + Πyy − By
)
Cy+
+
ezC
y
+/
√
2
(
κ2B¯2x + Πyy − By
)
Cy+
−e
zCy−/
√
2
(
κ2B¯2x + Πyy + By
)
Cy−
}
∂zh˜+(0, ω),
h˜×(z, ω) =
{
1
2
[
cosh
(
z Cx−√
2
)
+ cosh
(
z Cx+√
2
)]
−
(
κ2B¯2x −Πxx
2Bx
)[
cosh
(
z Cx−√
2
)
− cosh
(
z Cx+√
2
)]}
h˜×(0, ω) +
1
2
√
2Bx
{
e−zC
x
+/
√
2
(
κ2B¯2x + Πxx − Bx
)
Cx+
− e
zCx+/
√
2
(
κ2B¯2x + Πxx − Bx
)
Cx+
+
ezC
x
−/
√
2
(
κ2B¯2x + Πxx + Bx
)
Cx−
−e
−zCx−/
√
2
(
κ2B¯2x + Πxx + Bx
)
Cx−
}
∂zh˜×(0, ω),
Ax(z, ω) =
√
2ω2B¯x
Bx
{
sinh
(
z Cx+√
2
)
/Cx+ − sinh
(
z Cx−√
2
)
/Cx−
}
h˜×(0, ω) +
[
B¯x
Bx
] [
cosh
(
z Cx−√
2
)
− cosh
(
z Cx+√
2
)]
∂zh˜×(0, ω),
Ay(z, ω) = −
√
2ω2B¯x
By
{
sinh
(
z Cy+√
2
)
/Cy+ − sinh
(
z Cy−√
2
)
/Cy−
}
h˜+(0, ω)−
[
B¯x
By
] [
cosh
(
z Cy−√
2
)
− cosh
(
z Cy+√
2
)]
∂zh˜+(0, ω).
(13)
One important thing to note about solutions (13) is that they are valid only in the case when exist a transverse magnetic
field with non zero amplitude B¯x 6= 0 and for ω > 0. Another important fact to note about solutions (13) is that they
depend on the derivative of the graviton fields at the initial position z = 0, namely ∂zh+,×(z = 0, ω). A complete
solutions is found by explicitly knowing the fields h+,×(z, ω) and their first order derivatives at z = 0. Then with the
expressions in (13) one can find the complete expressions for the fields in (4) by calculating the Fourier integrals. In case
the fields are known to be monochromatic, then it is not necessary to calculate the Fourier integrals in (4). However,
even in the case when the fields are given as Fourier integrals, one can calculate them in some specific cases such as
propagation in a vacuum. Even in the case when propagation is not in vacuum, for practical purposes we do not need
to explicitly calculate the Fourier integrals because with will deal with quantities that are calculated per logarithmic
frequency interval. We will see this in the next section.
4 Energy flux and density parameter of generated electromagnetic radia-
tion
While the solutions (13) are exact, it is very important as a matter of example, to consider some cases regarding the
magnitude of some of the parameters that enter in (13). First thing is to see if we can simplify and approximate the
expressions for Cx,y± and Bx,y. By defining
ρ2 ≡ κ
2B¯2x
2ω2
= 3.75× 10−30
(
Hz
f
)2(
B¯x
G
)2
, σ2xx,yy ≡
Πxx,yy
2ω2
= 2.92× 1028
(
Hz
f
)2(
Πxx,yy
eV2
)
, (14)
where f = ω/2pi is the frequency of GWs and electromagnetic radiation, we can write Cx,y± and Bx,y as
Cx,y± = i
√
2ω
[
1 + ρ2 − σ2xx,yy ∓ Bx,y/(2ω2)
]1/2
, Bx,y/(2ω2) = [ρ4 + 2ρ2(1− σ2xx,yy) + σ4xx,yy]1/2 .
The dimensionless parameter ρ in (14) essentially gives the ratio of interaction energy of GWs with the magnetic field to
the GW energy itself, while the dimensionless parameter σxx,yy gives the ratio of photon effective mass in the medium to
the photon energy. Values of ρ 1 indicate that gravitons weakly interact with the medium and can be safely assumed
relativistic. Indeed, as we can see from the definition of ρ in (14), for high frequency GWs and weak magnetic field,
ρ  1. On the other hand for very low GWs energies and strong magnetic fields, we can also have ρ  1. Since in this
work we are interested in very high frequency GWs and typical laboratory magnetic fields, we have ρ  1. The same
arguments apply also to the parameter σxx,yy which quantifies of how much relativistic are photons in the medium and
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more precisely it can be shown to be the deviation from unity of photon indexes of refraction in media. Since in most
cases photons are relativistic in most laboratory media, we can take σxx,yy  1. Based on these considerations we can
write
Cx,y± ' i
√
2ω
[
1 +
1
2
(
ρ2 − σ2xx,yy ∓ Bx,y/(2ω2)
)]
, (15)
and we get to first order the following expressions for the fields Ax,y(z, ω) in (13)
Ax(z, ω) =
{
B¯x
2ω
sin
[
ωz
(
1 +
ρ2 − σ2xx
2
)]
cos
[
zBx
4ω
]
− (2− ρ
2 + σ2xx)ωB¯x
Bx cos
[
ωz
(
1 +
ρ2 − σ2xx
2
)]
sin
[
zBx
4ω
]}
h˜×(0, ω)
−
[
2B¯x
Bx
]
sin
[
ωz
(
1 +
ρ2 − σ2xx
2
)]
sin
[
zBx
4ω
]
∂zh˜×(0, ω),
Ay(z, ω) =
{
B¯x
2ω
sin
[
ωz
(
1 +
ρ2 − σ2yy
2
)]
cos
[
zBy
4ω
]
− (2− ρ
2 + σ2yy)ωB¯x
By cos
[
ωz
(
1 +
ρ2 − σ2yy
2
)]
sin
[
zBy
4ω
]}
h˜+(0, ω)
−
[
2B¯x
By
]
sin
[
ωz
(
1 +
ρ2 − σ2yy
2
)]
sin
[
zBy
4ω
]
∂zh˜+(0, ω). (16)
We can use the solutions in (16) to discuss some particular cases that are of interest in many situations. The first
thing is to see how the solutions (16) become in the WKB or Slowly Varying Envelope Approximation (SVEA) that has
been widely used in the literature, see Refs. [2] and [3] and other references therein. In the SVEA approximation one
usually linearises the equation of motions (5) and (6) by two step related assumptions. One first writes the operator
(ω2 + ∂2z )(·) = (ω − i∂z)(ω + i∂z)(·) = (ω + k)(ω + i∂z)(·) ' 2ω(ω + i∂z)(·) by assuming that all mixing fields are
relativistic with k ' ω or equivalently that the index of refraction of waves is very close to one. Here (·) stands for a
general function of z and ω such as the electromagnetic wave or GW amplitudes. The second assumption that is related
to the fact that the fields are relativistic is by replacing spatial derivatives ∂z(·) ' ik(·), see Ref. [3] for more details.
If we apply the SVEA approximations to the expressions (16), we can neglect the terms ρ2 and σ2xx,yy with respect to
unity. This is the relativistic approximation of the GW and electromagnetic field. The other approximation allows us to
replace ∂zh˜×,+(z = 0, ω) ' ikh˜×,+(z = 0, ω) ' iωh˜×,+(z = 0, ω). If we make all these approximations, we find the same
solutions as those found in Ref. [2] (expressions B.8) for the fields Ax,y(z, ω).
A second thing to consider is to use solutions (16) to calculate for example the Stokes parameters and in particular
the intensity (or energy flux) of the electromagnetic wave which is given by the Stokes parameter Iγ
Iγ(z, t) = 〈|Ex(z, t)|2〉+ 〈|Ey(z, t)|2〉, (17)
where Ex and Ey are the components of the electric field of the electromagnetic wave and the symbol 〈(·)〉 denotes the
temporal average of the electric field components over many oscillations periods. In Fourier space the time average is
replaced by energy average over ω. In addition, we have that Ex,y(x, t) = −∂tAx,y(x, t) = −i
∫ +∞
−∞
dω
2pi ωAx,y(x, ω)e
−iωt
for A0(x, t) = 0. In order to proceed further, we need to make some assumption about the nature of GWs that generate
the electromagnetic radiation through the graviton-photon mixing. Usually, GWs that reach the Earth are from a
single source such a binary system or a collection that are emitted by different uncorrelated sources such as a stochastic
background. Let us consider for example the latter case in what follows. As shown in Ref. [2], a stochastic background of
GWs is assumed to be isotropic, stationary and unpolarised. Under such conditions, we have that the ensemble average
of GW amplitudes satisfies
〈h˜λ(nˆ, ω)h˜∗λ′(nˆ′, ω′)〉 = 2piδ(ω − ω′)
δ2(nˆ, nˆ′)
4pi
δλλ′
H(ω)
2
, (18)
where H(ω) is the stochastic background spectral density that has the physical dimensions of Hz−1 and δ2(nˆ, nˆ′) =
δ(φ−φ′)δ(cos θ−cos θ′) is the covariant Dirac delta on the two sphere and φ, θ are the usual spherical angular coordinates.
Of course expression (18) does not explicitly depend on the position x.
Now it is more convenient to define the following functions
Fx,y(z, ω, B¯x) ≡ B¯x
2ω
sin
[
ωz
(
1 +
ρ2 − σ2xx,yy
2
)]
cos
[
zBx,y
4ω
]
− (2− ρ
2 + σ2xx,yy)ωB¯x
Bx,y cos
[
ωz
(
1 +
ρ2 − σ2xx,yy
2
)]
sin
[
zBx,y
4ω
]
,
Gx,y(z, ω, B¯x) ≡
[
2B¯x
Bx,y
]
sin
[
ωz
(
1 +
ρ2 − σ2xx,yy
2
)]
sin
[
zBx,y
4ω
]
,
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where the subscripts x, y in Fx,y and Gx,y indicate if do appear in them either σxx and Bx or σyy and By. By using the
definitions of Fx,y and Gx,y above and making use of the ensemble average in (18) we get the following expressions for
〈|Ex,y(z, t)|2〉:
〈|Ex,y(z, t)|2〉 =
∫ ∞
0
dω
2pi
[|Fx,y|2 + |Gx,y|2 + 2ω Im{iFx,yG∗x,y}]ω2H(ω), (19)
where we took k = |k| ' ±ω in deriving (19) with k being the module of the GW wave vector that lies along the z-axis in
our case and used the fact that ω can have either sign depending on the integration interval. Relativistic gravitons have
been assumed as discussed above and we used the fact that the integrand in (19) is an even function in ω. It is important
to stress that the assumptions made for the stochastic background of GWs (unpolarised, isotropic and stationary) that
start interacting with the magnetic field at z = 0 are not directly assumptions on the electromagnetic field generated
during the process of graviton-photon mixing. Indeed, the electromagnetic wave received at the detector is not isotropic
but it comes from a specific direction, namely that along the z-axis.
For more practical uses we can use expressions (17) and (19) to calculate the energy density or intensity of the
electromagnetic radiation per logarithmic energy interval. By using (19), we get the following expression
dIγ(z, ω)
d(logω)
=
[|Fx|2 + |Fy|2 + |Gx|2 + |Gy|2 + 2ω Im{i (FxG∗x + FyG∗y)}] ω2h2c(ω)2 , (20)
where h2c(ω) = ωH(ω)/pi is defined as the characteristic amplitude of the stochastic background of GWs and it is a
dimensionless quantity. Expression (20) gives us the energy density of electromagnetic radiation generated by interaction
of a stochastic background of GWs with a constant magnetic field. We can use expression (20) to derive another important
quantity which is the density parameter of electromagnetic waves generated through graviton-photon mixing in constant
magnetic field. We recall that the density parameter is defined as Ω(z, ω; t) ≡ (1/ρc)dρ(z, ω; t)/d(logω) where ρ is the
energy density of a given field and ρc = 6H
2
0/κ
2 is the critical energy density of our Universe and H0 = 100h0(km/s/Mpc)
is the Hubble parameter with h0 being a dimensionless parameter. At z = 0 the total energy flux (or energy density) of
GWs is given by
Igw(0, t) =
∫ +∞
0
d(logω)
ω2h2c(ω)
κ2
. (21)
By using expressions (20)-(21) and the definition of the density parameter Ω, we get the following relation between the
density parameters of electromagnetic waves at a distance z from the origin with the density parameter of GWs at the
origin z = 0
h20Ωγ(z, ω) = (κ
2/2)
[|Fx|2 + |Fy|2 + |Gx|2 + |Gy|2 + 2ω Im{i (FxG∗x + FyG∗y)}]h20Ωgw(0, ω). (22)
5 Conclusions
In this work I studied and found exact solutions of the equations of motions of graviton-photon mixing in a constant
and perpendicular magnetic field with respect to the direction of propagation of GWs. The results found in this work
are new and improve previous results where approximate methods have been used to solve the equations of motion and
possible medium effects on the electromagnetic waves were not included. The results found for the components of the
electromagnetic field in (16) can be used to find characteristic quantities related to GWs such as the energy flux and the
density parameter h20Ωgw and to make predictions that can be compared with experimental results as discussed in Ref.
[2].
The solutions for the components of the electromagnetic field are different from those originally obtained by using
approximative solutions that have been found in the SVEA or WKB approximation. As I have shown by exactly solving
the equations of motion, there are extra terms when the full second order partial differential equations are solved with
both initial conditions on the fields and their derivatives with respect to the position. In the case when the fields are
relativistic and with slowly varying amplitudes within the SVEA approximation conditions, one recovers the approximate
results previously found in the literature. With the full solution of the equations of motion, it is possible to calculate
the expected density parameter of electromagnetic radiation generated in the graviton-photon mixing as obtained in
expression (22).
One important aspect that is worth to point out with the solutions (16) is that they have been obtained in the case
when the propagation in the magnetic field does not happen within a confined and closed type detector such as a cavity.
This fact is reflected on the assumptions that have been made on the graviton and photon fields that depend only on
the coordinate z along the direction of propagation. This assumption is correct when the detector is not closed and not
confined in every direction such as a conducting cavity and the waves are expected to depend only on the propagation
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distance z and do not depend on the x, y coordinates. However, if the detector is confined in a fixed volume in every
direction such as that of a conducting cavity, it is more appropriate to look for solutions of the electromagnetic field
that depend on all coordinates x, y, z instead of only z. This assumption is quite common when electromagnetic waves
propagate in a cavity and are constantly reflected on its walls by forming within a short time standing waves. In such
case one needs to solve the problem of graviton-photon mixing with the appropriate boundary conditions that reflect the
form and shape of the cavity and the solutions found in (16) might not be appropriate for such type of detectors. Even
though this is true, one might expect that even for a cavity type detector, solutions (16) might be sufficient to first order
of approximation. This is analogous to the common electromagnetic cavities when typically a plane wave like solution
of the electromagnetic field is used instead of a beam that depends on all coordinates x, y, z and propagates in several
directions within the cavity.
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